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Abstract: The design of the robotic arm's trajectory is based on inverse kinematics problem solving, with additional 

refinements of certain criteria. One common design issue is the trajectory optimization of the robotic arm. Due to 

the difficulty of the work in the past, many of the suggested ways only resulted in a marginal improvement. This 

paper introduces two approaches to solve the problem of achieving robotic arm trajectory control while maintaining 

the minimum reachability time. These two approaches are based on rule-based optimization and a genetic 

algorithm. The way we addressed the problem here is based on the robot’s forward and inverse kinematics and 

takes into account the minimization of operating time throughout the operation cycle. The proposed techniques 

were validated, and all recommended criteria were compared on the trajectory optimization of the KUKA KR 4 R600 

six-degree-of-freedom robot. As a conclusion, the genetic based algorithm behaves better than the rule-based one in 

terms of achieving a minimal trip time. We found that solutions generated by the Genetic based algorithm are 

approximately 3 times faster than the other solutions generated by the rule-based algorithm to the same paths. We 

argue that as the rule-based algorithm produces its solutions after discovering all the problem’s searching space 

which is time consuming, and it is not the case as per the genetic based algorithm. 

Keywords: Forward Kinematics; Genetic Algorithm; Inverse Kinematics; Rule-Based Optimization; Trajectory 

Control; Trajectory Optimization; 6 DOF Robotic Arm 

 

1. Introduction 

Robotics is a unique technical discipline concerned with the design, modelling, control, and application 

of robots. Today, robots assist people in their daily activities and take control of their daily routines. Robots 

are used in a wide range of applications, from toys to industrial robots and offices, to the very advanced 

technology necessary for space exploration [1]. 

Robotic arms are one of the most common types of robots in use today, from manufacturing to 

automotive to agriculture to laboratory purposes. One of the primary benefits of robotic arms is their 

adaptability to a wide range of applications, from simple to complex tasks. Material handling is one of these 

applications in which robotic arms can help to create a safe and efficient warehouse by ensuring goods and 

materials are properly stored, easy to find, or transported correctly. Pick-and-place robots are commonly 

used in modern manufacturing and logistics. Moreover, arm robots are being used in quality inspection at 

the end of production lines[1], [2]. 

Trajectory optimization is an important approach which determines the best path for the robot based 

on its kinematic and dynamic motion limitations [2]. Trajectory planning is a critical subject in robotics and 

automation in general. The capacity to produce trajectories with specified characteristics is critical for 

http://aetic.theiaer.org/
http://www.theiaer.org/index.htm
http://aetic.theiaer.org/archive/v8/v8n1/p3.html
mailto:m.mousa@hw.ac.uk
mailto:atarek@horus.edu.eg
mailto:hatem.a.khater@gmail.com


AETiC 2024, Vol. 8, No. 1 23 

www.aetic.theiaer.org 

achieving substantial outcomes in terms of quality and convenience of accomplishing the needed motion, 

particularly at the high operating speeds required in many applications. Optimal time trajectory arranging 

is the most commonly mentioned optimization approach in the literature, owing to its primary relationship 

with manufacturing time deduction and productivity gain. There are various forms for trajectory 

optimization problem in robotics. Furthermore, optimizing the trajectory by decreasing the energy usage is 

one of the most challenging problems which offers various economic benefits. This technique, on the other 

hand, conserves energy, which is important not only in terms of cost but also of quantitative constraint. 

Another minimization problem that could be considered in robotic arm’s trajectory control is to create 

smooth, easy-to-follow trajectories and minimize mechanical stresses in actuators and the robot’s frame. 

Jerk reduction also provides trajectory continuity, which leads to a decrease in joint positioning errors or 

more correctly tracking trajectory on the one hand, and a reduction in robot vibration limitations on the 

other, which leads to a reduction in wear and hence an increase in exploitation duration [3]. The difficulty 

of determining an ideal trajectory for a given route is then examined, along with several noteworthy 

solutions [4]. To solve the trajectory planning issue, reference inputs should be given to the robot's control 

system to assure that the required motion is carried out. The route defined by the path planner, as well as 

the robot's kinematic and dynamic limitations, are usually inputs to the algorithm used for trajectory 

planning. The trajectory of the joints, or the end-effector, is output by the trajectory-planning module as a 

series of position, velocity and acceleration numbers [5].  

Artificial intelligence (AI) is an advanced science of computer science concerned with emblematic, non-

algorithmic problem resolving methodologies, such as heuristic concepts to efficiently solve complex 

problems. One of its ways to overcome a certain problem is to build an expert system based on previous 

experience. A previous experience base stores both declarative knowledge (information about things, 

events, and situations) and procedural knowledge (data about courses of action). One of the most frequent 

previous experience rendition methodologies used in expert systems is the rule-based system approach. 

Procedural information is integrated with declarative knowledge in the form of 'if-then' rules in a rule-based 

system [6]. 

Genetic algorithm (GA) is a metaheuristic approach categorized as an evolutionary algorithm since it 

is based on the natural selection process (EA). Selection, crossover, and mutation are some of the bio-

oriented operators utilized in genetic algorithms to deliver high-quality answers to search and optimization 

problems. There are a few downsides to the GA, however, and they need addressing in order to obtain 

better control over the population's exploitation and exploration and randomization involvement in the 

population during solution initialization. A perfect solution cannot be reached since the mutation is pressed 

onto the new chromosomes. A competitive selection process is used in each iteration of a GA to remove bad 

ideas. GA is one of the most stable and dependable optimization techniques since it does not need gradient 

information or an initial assumption [7].  

The rest of this paper is organized as follows: Section 2 presents the kinematics analysis. Section 3 

demonstrates the trajectory optimization using Rule-based techniques and Genetic Algorithm. Section 4 

shows the proposed optimization techniques while Section 5 elaborates how these techniques are applied 

on a study case and demonstrates the tests and results for it. Section 6 concludes the paper and presents the 

future work. 

2. Kinematics Analysis 

A robotic arm is made of a series of links that are linked together in either a serial or a parallel fashion. 

The position and orientation analysis of a robotic arm is a critical step on its design and control. The Forward 

Kinematics (FK) analysis is used to analyse the model and calculate the position of the end-effector using 

the joint angles and other joint parameters. The reverse process of the Forward Kinematics is the Inverse 

Kinematics (IK) where the desired end-effector’s position is known, and the challenge part is to find the 

joint angles to achieve the end-effector’s position [8]. 

2.1. Forward Kinematics 

Because the complexity of IK increases as the Degree of Freedom (DOF) increases, the Denavit & 

Hartenberg convention and transformation type solution are used to analyze it. Denavit-Hartenberg 
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parameters (also known as DH parameters) are four parameters related with a specific protocol for 

connecting reference frames to the links of a spatial kinematic chain or robot manipulator. Figure 1 [9] 

depicts a pair of adjacent links, link (i-1) and link i, as well as their associated joints, joints (i-1), i, and (i+1), 

and axes (i-2), (i-1) and i [9]. 

 
Figure 1. DH parameter assistance frames [9] 

To calculate the movement between two joints crossing a link, multiply a set of basic homogenous 

matrices in a fixed sequence as shown in Eq. 1, and the output is a matrix representing the position and 

orientation of the final frame with the frame that comes before it as described by Eq. 2 [8]. 

Ai
i−1 = Rz,θ ∗ Tz,d ∗ Tx,a ∗ Rx,α (1) 

Ai
i−1 = [

Cos[θi] −Sin[θi] ∗ Cos[αi] Sin(θi) ∗ Sin[αi] ai ∗ Cos[θi]

Sin[θi] Cos[θi] ∗ Cos[αi] −Cos[θi] ∗ Sin[αi] ai ∗ Sin[θi]

0 Sin[αi] Cos[αi] di
0 0 0 1

] (2) 

2.2. Inverse Kinematics 

The forward kinematic equations are utilized to deal with inverse kinematic analysis. The goal of IK is 

to determine the angles for the rotating joints or the displacement for the prismatic joints that will force the 

robotic arm's end-effector to reach the intended spot [10], [11]. 

Inverse kinematic solutions are classified into three types: full analytical solutions (closed form 

solutions), numerical solutions, and semi-analytical solutions. In the first kind, all joint variables are solved 

analytically using configuration data. In many situations where the manipulator supports or is to be 

supported by a sensory system, the results of kinematics calculations must be given quickly to apply 

appropriate control actions. The second form of solution obtains all of the joint variables using iterative 

computing processes. The semi-analytical solutions are obtained by applying analytical preprocessing steps 

that reduce the search space and numerical refinement steps to achieve high accuracy, especially for 

complex robots [10]. 

2.2.1. Spherical Wrist 

The wrist refers to the joints in the kinematic chain between the arm and the end-effector. In the robotic 

arm, which is being studied, all wrist joints are revolute. To allow the end-effector to be oriented, a spherical 

wrist is commonly attached to the robotic arm end. As shown in Figure 2, the axes of the three joints intersect 

at the wrist centre point [Pc] in a spherical wrist. The Inverse Kinematic analysis allows for the decoupling 

of position and orientation [12]. 

 
Figure 2. Spherical wrist joints intersecting at a single point [12]  
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Spherical wrists have the advantage of separating end-effector location from wrist orientation. The arm 

is in charge of locating the intersection point, while the wrist is in charge of determining end-effector 

orientation [13]. 

2.2.2. Kinematic Decoupling 

Based on this kinematic decoupling, it is feasible to solve the arm's inverse kinematics independently 

from the spherical wrist's inverse kinematics [13]. For a robotic arm that has six joints (DOF = 6), the 

intersection of the last three joint axes is a single point which is the spherical wrist. The problem is then 

broken down into two sub-problems, which are inverse position kinematics and inverse orientation 

kinematics. 

For inverse kinematics problem solving, the desired position and end-effector orientation are given in 

a homogeneous square matrix (𝐻6
0) with a dimension of (4×4) as shown in Eq. 3. Then by using decoupling 

method, which states that with the wrist center (Pc), the first three joints’ parameters (x, y, and z) can be 

obtained. Defining the centre depending on the position (P6) can be defined as shown in Eq. 5 and shown 

in Figure 3 [14]. 

A translation of distance d6 along rotating axis of joint six (z5) from Pc yields the position of the end-

effector centre, P6 as Figure 3. We can choose the third column of the desired rotation matrix (𝑅6
0) in Eq. 4 

as the direction of z6 and z5 w.r.t. the base frame because z5 and z6 are on the same axis. 

H6
0 =  [R6

0 P6
0

0 1
] (1) 

R6
0 = [

r11 r12 r13
r21 r22 r23
r31 r32 r33

] (2) 

P6 =Pc +d6 ⋅ R6
0 ⋅ [

0
0
1
] (3) 

 
Figure 3. Six DOF arm configuration 

Each of the first three angles of the robotic arm can be determined from the preceding equation. These 

angles represent the movement of the arm's body. This causes the arm to reach its intended destination, 

which is the centre of the spherical wrist (Pc) as shown in Figure 4 [14]. 

 
Figure 4. Arm body configuration describes the geometric of first three joints’ angles [14] 
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When calculating the angle of the first joint, it can be observed that there are two potential results.  One 

for the arm moving to the right direction and the other for the arm moving to the left direction according to 

the sign of the sine as in Eq. 6 but the amount of rotation of the joint motor must be taken into consideration 

[15]. 

x =  tan−1
±Pcy

±Pcx
 (4) 

To compute the motors’ rotation angles for both the second and third joints, we evaluate the body 

geometrics of the robotic arm as shown in Figure 4. Based on that, we conclude that the second angle of the 

arm can be calculated by Eq. 7 and the third angle by Eq. 8. 

y = tan−1 (±
s

r
) − tan−1 (

(√a3
2+d4

2) Sinβ

a2+(√a3
2+d4

2)Cosβ

) (5) 

z = tan−1 (
d4

a3
) + tan−1 (

±√1−D2

D
) (6) 

All of s, r, γ, D, and β can be calculated by their deduction equations in Appendix A 1, 2, 3, 4, and 5. 

In general, Figure 5 clarifies all the options for the robotic arm's body movement. There are four distinct 

options. Pose 1 demonstrates how to move the arm from its right position with the elbow up as in a and 

down as in b, while pose 2 shows how to move the arm to the left direction with the elbow down as in c 

and up as in d [12]. 

 
  

 
a. Right arm elbow up b. Right arm elbow down c. Lift arm elbow down d. Lift arm elbow up 

Figure 5. Robotic arm’s body poses with respect to first 3 joints angles 

The orientation of the end-effector can be controlled by the angles of the spherical wrist joints. So, to 

obtain those angles, the wrist forward kinematics rotation matrix should be determined by Eq. 9. Then, the 

matrix rotation part will be compared with the homogenous matrix for the rotation part of a given desired 

target as in Eq. 3 multiplied by the first three joints rotation matrix inverse (𝑅3
0−1) Which can be deduced by 

multiplying the rotation matrices of the first three joints of the robotic arm [13]. 

H6
3 = [R6

3 P6
3

0 1
] (9) 

R6
3 = R3

0−1 ∗ R6
0  (10) 

R6
3 = [

Cos[a]Cos[b]Cos[c] − Sin[a]Sin[c] −Cos[c]Sin[a] − Cos[a]Cos[b]Sin[c] Cos[a]Sin[b]

Cos[b]Cos[c]Sin[a] + Cos[a]Sin[c] Cos[a]Cos[c] − Cos[b]Sin[a]Sin[c] Sin[a]Sin[b]

−Cos[c]Sin[b] Sin[b]Sin[c] Cos[b]
]   (11) 

One joint angle solution for fifth joint position (b) can be found by evaluating element (3,3) of matrix 

shown in Eq. 11; the associated fourth joint angle which is symbolled as (a) can be obtained by evaluating 

elements (1,3) and (2,3); and the relevant sixth joint angle which symbolled as (c) can be computed by 

evaluating elements (3,1) and (3,2). The fifth joint position (b) solution may be simply calculated using the 

preceding answer. The resulting equations are provided in Eq.12, Eq.13 and Eq. 14 [15], [16]. 

a = tan−1 (
±Sin[a]Sin[b]

±Cos[a]Sin[b]
) =  tan−1 (

r13Sin[x]−r23Sin[x]

r13Cos[x]Cos[y+z]+r23Cos[y+z]Sin[x]+r33Sin[y+z]
) (12) 

b = tan−1 (
±√1−F2

F
) (7) 

Where F can be obtained with Appendix A 6. 

c = tan−1 (
±Sin[c]Sin[b]

±Cos[c]Sin[b]
) =  tan−1 (

Cos[x]Sin[y+z]r12+Sin[x]Sin[y+z]r22−Cos[y+z]r32

−(Cos[x]Sin[y+z]r11−Sin[x]Sin[y+z]r21+Cos[y+z]r31)
) (8) 
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3. Operating Time Equation 

To find the operating time equation for a robotic arm, a set of equations must be deduced to calculate 

the operating time for each joint to rotate one unit with the maximum allowable velocity as shown in Eq. 

15. Eq. 16 finds the operating time to move the end-effector from a point to another point by finding the 

sum of the angles of rotation of each joint to get from one point a to point b multiplied by the rotating unit 

operating time for that joint produced in Eq.16. Finally, the overall operating time equation to reach the 

designated points on a specific path (O.TPath) can be calculated in Eq. 17 which is capable of collecting all of 

the operating time over the complete path, which  dependent on the arm’s number of joints (n) and the total 

number of points on the path (k) [17]. 

O. Tn =
1rad

ωn
 (9) 

O. TP2P =∑ (|(qbi − qai)|
n
i=1 ) ∗ O. Ti (10) 

O. TPath =∑ ∑ (|(qbij − qaij)|
n
i=1 ) ∗ O. Ti

k
j=1  (11) 

4. Trajectory Optimization 

As shown in Figure 6, there are three main categories of optimization techniques: artificial intelligence 

techniques, metaheuristic methods, and mathematical methods. The If-then-rule-based technique, deep 

learning, and machine learning are all types of artificial intelligence. Many popular optimization methods 

fall within the category of metaheuristic algorithms. Linear Programming and Nonlinear Programming are 

examples of mathematical optimization approaches [18]. 

 
Figure 6. Optimization techniques [18] 

It is clear from the Figure 6 that one of these strategies have to be employed to solve the optimization 

issue. The core of our paper is to use two different optimization techniques to solve the trajectory 

optimization problem and compare their performance with respect to the algorithm’s running time. The 

two methods used in our study are “if then rule-based method” and the “genetic algorithm approach”. 

4.1. Rule-Based Technique 

The Rule-Based Technique is an AI approach used to solve optimization problems. This is done by 

dealing with symbolic, non-algorithmic problem-solving approaches including heuristic principles to create 

knowledge-based expert systems by storing the declarative knowledge (facts about things, events, and 

situations) and the procedural knowledge (information about courses of action). The rule-based system 

method is one of the most common knowledge representation strategies used in expert systems. In a rule-

based system, procedural information is combined with declarative knowledge in the form of 'if-then' rules 

[19]. 

4.2. Genetic Algorithm 

Genetic Algorithm [GA] is an optimization approach based on natural evolution of organisms as 

shown in Figure 7. Therefore, biological background may be employed when GA is created to have a better 

understanding. The optimal features may be attributed to gene exchange between generations. In other 
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words, a gene is something that may improve outcomes when it is altered. Through genes exchange 

between different generations, the optimized properties can be credited to enhance the results when the 

gene is changed. 

 
Figure 7. Genetic algorithm vs biological system 

Starting with the establishment of the initial population, the genetic algorithm consists of numerous 

successive fixed phases as shown in Figure 8. To boost variety, this population may be produced from a 

Gaussian random distribution [18]. The population has numerous solutions that represent individual 

chromosomes. Each chromosome contains a collection of variables that represent the genes [20]. A subset 

of the current population is chosen to reproduce a new generation with each succeeding generation. Fitter 

solutions (as judged by a fitness function) are more likely to be chosen for implementation as individual 

solutions [21]. 

After a selection operator identifies the greatest candidates, they must develop the next generation. 

When male and female chromosomes unite, a new chromosome is formed. The roulette wheel chooses two 

solutions (parent solutions) and simulates it using the GA algorithm. Last evolutionary operator in which 

one or more genes are changed after children's treatments. High mutation rates turn GA into a random 

search problem. Mutation creates unpredictability to maintain population diversity. This operator helps 

prevent similar and local optimum solutions [22]. 

 
Figure 8. Genetic algorithm sequence [18]  

To use the genetic algorithm to optimize the elements that affect the course of the robotic arm, the main 

function, we defined the objective function shown in Eq. 18 which depends on the fitness value, shown in 

Eq. 19, and the overall path time O.TPath, described before by Eq. 17, which contains the optimization 

parameters for our problem. The selection of weights for multiple objective function optimization is an 

essential challenge in the optimization process. This challenge naturally arises in many reconstruction 

scenarios when one needs to rebuild a function from a limited class of signals based on noisy observed data 

[23]. 

ObjectiveFunction = FitnessValue +Weight ∗ OptimizingParameter         (12) 

As the robotic arm optimization system enhances performance on operating time, the objective 

function as shown in Eq. 20 was used to adapt to the system considered in this study. 

FitnessValue(FV) = ∑ √(Px −GAx)
2 + (Py −GAy)

2
+ (Pz −GAz)

2k
j=1  (13) 

ObjevtiveFunction(OF. OT) = FV +Weight(δ) ∗ O. TPath (20) 
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5. Case Study 

For this paper, the KUKA Company’s model KR 4 R600 robotic arm, whose dimensions are given in 

Figure 9, was used [24]. The Forward Kinematics was performed, and the DH parameters are inferred by 

establishing the XYZ axes for each joint of the arm. 

The KR 4 R600 is a 6-axis (6 Degree of Freedom) industrial robot from KUKA Robotics with a payload 

of 3 kg, built primarily for laboratory businesses that utilize flexible robot-based automation. The robot has 

an open structure that lends itself well to variable applications, and it can communicate extensively with 

other systems [24]. 

 
Figure 9. Robotic arm configuration [24] 

Table 1. KUKA KR 4 R600 robotic arm specifications 

Joints Motors specification Joint 1 Joint 2 Joint 3 Joint 4 Joint 5 Joint 6 

Rotation range (rad) 2.96 to - 2.96 0.69 to - 3.4 2.62 to - 2 3.23 to - 3.23 2.09 to - 2.09 6.1 to - 6.1 

Rotation Speed (rad/sec) 4.364 4.364 4.364 5.586 5.586 7.331 

5.1. Robot Kinematics 

The KUKA robotic arm has 6 degrees of freedom. The rules for positioning the joints frame can be 

implemented, with the Z-axis always passing through the axis of rotation of each joint. The X-axis is then 

positioned where it is needed, as long as it is vertical and intersects both the Z-axis of the current frame and 

the Z-axis of the previous frame. The third axis, the Y-axis, was then put for each frame, following the rule 

of counterclockwise rotation in the XYZ sequence as shown in Figure 10. The DH parameters for each link 

were calculated using four lines, the first two that describe the relationship between the next and current X-

axis and the second two that explain the relationship between the previous and current Z-axis as shown in 

Table 2. 

 
Figure 10. Forward kinematics frame 
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Table 2. DH parameters 

Arm Links 
(Frame i to Frame i+1) 

a (m) α (rad) d (m) θ (rad) 

Link 1 (F0 to F1) 0 1.57 0.330 x 

Link 2 (F1 to F2) 0.290 0 0 y 

Link 3 (F2 to F3) 0.020 1.57 0 z 

Link 4 (F3 to F4) 0 -1.57 0.310 a 

Link 5 (F4 to F5) 0 1.57 0 b 

Link 6 (F5 to F6) 0 0 0.075 c 

By inserting each of the DH parameters from Table 2 in the general matrix and substituting in the 

matrix specified in Eq.2, a homogeneous matrix was generated that depicts the movement of each joint 

relative to the joint before it. 

After computing the homogeneous matrix for each link, the connection between the final frame, which 

represents the robotic arm's end-effector, and the zero frame, which represents the arm's base, can be 

described by multiplying all the individual matrices in the arm's sequence as in Eq.21. The robot’s 

homogeneous matrix was derived as shown in Eq.22 that allows the end-effector of the arm to be regulated 

in terms of position and orientation [25]. 

H6
0 = A1 ∗ A2 ∗ A3 ∗ A4 ∗ A5 ∗ A6         (21) 

H6
0 = [

r11 r12 r13 p6x
r21 r22 r23 p6y
r31 r32 r33 p6z
0 0 0 1

] (22) 

The forward kinematics results are used for each of the path points specified for the robotic arm's task. 

It is used to determine the robotic arm's end effector position, which can be seen in the matrix mentioned 

in Eq. 22 in the elements (1:3, 4), and is unique to each point. So, it can be said that after applying the forward 

kinematics there will be k matrices such as those mentioned in Eq. 22. 

The inverse kinematic equations are then applied to the location of each point to obtain a set of 

equations for each point that describe the movement of each of the robotic arm's six joints. 

As per our study case, a route was specified as a job for the arm to complete, which consists of five 

points. One of those points was initialized as a starting point, which is detected if all robotic arm joints are 

in their initial positions as shown in Table 3. 

Table 3. Case 1: path points 

Point Coordinate (x, y, z) 

P0 (0.310, 0, -0.055) 

P1 (0.225, 0.11, 0.025) 

P2 (0.09, 0.15, 0.25) 

P3 (-0.085, 0.114, 0.12) 

P4 (-0.18, 0.125, 0.117) 

5.2. Optimization Approaches and Results 

The following optimization algorithms proposed in sections 5.2.1 and 5.2.2 solves a reachability 

problem for the points in the defined path while maintain the minimum operating time. The MATLAB 

version 2020a application was used as a programming platform to implement the two algorithms. A 

computer with the following specifications: a laptop with an Intel Core i7 CPU and 16 gigabytes of RAM, 

was used to test the performance of the two algorithms described in the paper while applying the same 

testing environment. 

5.2.1. Rule-Based Technique Results 

Algorithm 1 shows the proposed rule-based technique written in MATLAB and used to solve the 

trajectory optimization problem for a KUKA 6 DOF robotic arm. It consists of a collection of If-statements 

and loops, which describe system constrains and strategies to explore all potential paths to finish the route. 

Then, the algorithm picks the best settings that ensures a minimum operating time for the overall trip. 
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Algorithm 1. IF-then rule-based algorithm based on minimum operating time 

Input: DH parameters for six joints (ai, αi, di, and θi), and desired locations (Px, Py, Pz). 

Output: Generate the robot’s settings that grantee minimum operating time. 

1:     for each point j = 1:5 

           Pcxj = Pxj – d6*r13;    Pcyj = Pyj – d6*r23;    Pczj = Pzj – d6*r33;   

              θ1j = tan-1(
±𝑷𝒄𝒚

±𝑷𝒄𝒙
) 

              θ2j = 𝒕𝒂𝒏−𝟏 (±
𝒔

𝒓
) − 𝒕𝒂𝒏−𝟏 (

(√𝒂𝟑
𝟐+𝒅𝟒

𝟐)𝑺𝒊𝒏𝜷

𝒂𝟐+(√𝒂𝟑
𝟐+𝒅𝟒

𝟐)𝑪𝒐𝒔𝜷

) 

              θ3j =𝒕𝒂𝒏−𝟏 (
𝒅𝟒

𝒂𝟑
) + 𝒕𝒂𝒏−𝟏 (

±√𝟏−𝑫𝟐

𝑫
) 

              θ4j =𝒕𝒂𝒏−𝟏 (
±𝑺𝒊𝒏[𝜽𝟒𝒋]𝑺𝒊𝒏[𝜽𝟓𝒋]

±𝑪𝒐𝒔[𝜽𝟒𝒋]𝑺𝒊𝒏[𝜽𝟓𝒋]
) 

              θ5j = 𝒕𝒂𝒏−𝟏 (
±√𝟏−𝑭𝟐

𝑭
) 

              θ6j =𝒕𝒂𝒏−𝟏 (
±𝑺𝒊𝒏[𝜽𝟔𝒋]𝑺𝒊𝒏[𝜽𝟓𝒋]

±𝑪𝒐𝒔[𝜽𝟔𝒋]𝑺𝒊𝒏[𝜽𝟓𝒋]
) 

             solutions for j = [
𝜽𝟏𝟏 … 𝜽𝒊𝟏
⋮ ⋱ ⋮

𝜽𝟏𝟖 ⋯ 𝜽𝒊𝟖
] 

2:     constraints for each joint for each point 

         for k = 1: length of solution j 

                 if solution j (i, k)<= minimum range and solution j (i, k)>= maximum range 

                            solution j (i) = null 

                 end if 

           end for 

3:     trying all possible sequential solutions 

        for a = 1: length of solution 1  

                 for b = 1: length of solution 2 

                       for c = 1: length of solution 3 

                             for d = 1: length of solution 4 

                                    for e = 1: length of solution 5 

                                                𝑶.𝑻𝑷𝒂𝒕𝒉 =∑ ∑ (|(𝒒𝒃𝒊𝒋 − 𝒒𝒂𝒊𝒋)|
𝒏
𝒊=𝟏 ) ∗ 𝑶. 𝑻𝒊

𝒌
𝒋=𝟏  

                                                if 𝑶. 𝑻𝑷𝒂𝒕𝒉(l) <𝑶. 𝑻𝑷𝒂𝒕𝒉(l-1) 

                                                then minimum solution is 𝑶.𝑻𝑷𝒂𝒕𝒉(l) 

                                                else the minimum solution is 𝑶.𝑻𝑷𝒂𝒕𝒉(l-1) 

                                               end if 

         end for 

Table 4 shows the results generated from Algorithm 1. Those results represent the values of the 

rotational angles that guarantee the improvement. Same results are represented graphically in Fig. 11(a) by 

drawing the change in the joint’s settings to reach every point in the defined path.  Using those results and 

with the help of Eq. 16 and Eq. 17, the minimal overall operating time for the specified path can be deduced 

which is shown in  

Table 5 and Figure 11(b). 

Table 4. Rule-based results according to grantee the minimum operating time 

Path 

steps 
x (rad) y (rad) z (rad) a (rad) b (rad) c (rad) 

P0 0 -0.2700 0.0630 0 1.8000 -3.1000 

 
 

a. Joints angles during the path b. Overall operating time  

Figure 11. Rule-based characteristics during the path for minimum operating time 
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P1 0.3800 -0.6400 2.5670 3.1000 1.9000 -2.7000 

P2 1.1500 -0.6100 2.0660 2.3000 -1.9000 -1.4000 

P3 -1.8568 -1.7300 -0.0090 3.1000 -1.8000 -0.3000 

P4 -0.3883 -1.7400 0.2480 1.5000 -1.2000 1.7000 

Table 5. Operating time for each path step 
Path initial to P0 P0 to P1 P1 to P2 P2 to P3 P3 to P4 Total path 

Operating time (seconds) 0.8201 1.3724 1.2981 1.7309 1.0632 6.2847 

5.2.2. Genetic Algorithm Results 

Each GA population member is in Eq.23, with 6 (DOF) x 5 (points) = 30 items (genes), corresponding 

to 6 rotation angles for reaching each working point. In Table 1, all genes' ranges are specified. Because of 

the task's specification, a single configuration will not appear. An individual is a string that contains of the 

optimized object's parameters. Mutation is the process of changing a parent person at random (mutation 

rate was 0.15). Crossover is a process in which the characteristics of two parents are mixed at random to 

generate a kid (crossover rate used was 0.6). The computation of the robot movement and the objective 

function evaluation are included in the fitness function evaluation. 

Q = [q11, q12, q13…q1n, q21, q22…qk1, qk2…qkn] (23) 

When using the genetic algorithm as an algorithm to improve the task path of the robotic arm based 

on the operating time of the arm's six joints throughout the path, it may be degraded into numerous phases, 

beginning with a description of the input and what the needed output from the code is, and which can be 

discussed in depth via its steps using the pseudo code displayed in Algorithm 2. The core of an algorithm 

is to use the kinematics of a robotic arm to determine the best route it can travel while accounting for the 

fewest operating time. 

Algorithm 2. Genetic algorithm based on minimum rotating angles 

Input: Start and final destination, joints constraints (rotating range, and maximum velocity), and start 

and final joints position. 

Output: Optimum solution with five knots that grantee minimum operating time. 

1:     Create MATLAB function contain objective function 

        function OT= OF_OT (theta) 
        𝑶𝒃𝒋𝒆𝒗𝒕𝒊𝒗𝒆𝑭𝒖𝒏𝒄𝒕𝒊𝒐𝒏(𝑶𝑭. 𝑶𝑻) = 𝑭𝑽 +𝑾𝒆𝒊𝒈𝒉𝒕(𝜹) ∗ 𝑶. 𝑻𝑷𝒂𝒕𝒉 

2:     Inequalities and equalities  

        Joints constraints (rotating range (LB, UB), and maximum velocity) 

3:     Run MATLAB optimizer app  

        select weight (𝛅 = 𝟏) 

        Then run the optimizer app with start button  

4:     Calculate the total operating time as a function in optimizer output 

        for each knot (k = 1:5) 

               for each joint (i = 1:6) 

                     𝑶.𝑻𝑷𝒂𝒕𝒉 =∑ ∑ (|(𝒒𝒃𝒊𝒋 − 𝒒𝒂𝒊𝒋)|
𝒏
𝒊=𝟏 ) ∗ 𝑶. 𝑻𝒊

𝒌
𝒋=𝟏  

The results shown in  

Table 6 were obtained as a result of running Algorithm 2 to trajectory control the KUKA robotic arm 

over the specified path. Those results represent the angles of rotation for each joint at each point to ensure 

the minimum operating time, which graphed in Figure 12(a). In addition, by utilizing the data in  

Table 6, we got the results in Table 7 and Figure 12(b), which indicate the total time for the complete 

journey. 

  
a. Joints angles during the path b. Overall operating time  

Figure 11. Rule-based characteristics during the path for minimum operating time 
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Table 6. GA angles according to grantee the minimum operating time 
Path steps x (rad) y (rad) z (rad) a (rad) b (rad) c (rad) 

P0 0 -0.26 0.084 0 1.97 -3.1 

P1 0.377 0.562 0.165 0.02 2.047 -3.1 

P2 1.228 0.562 0.165 2.76 2.047 -3.1 

P3 1.285 0.171 -0.044 2.76 1.352 -3.1 

P4 2.552 0.171 0.025 2.76 1.352 -3.1 

Table 7. Operating time for each path step 
Path initial to P0 P0 to P1 P1 to P2 P2 to P3 P3 to P4 Total path 

Operating time (seconds) 0.8530 0.3105 0.6853 0.2749  0.3059 2.4296 

Table 8. All optimization techniques results 

NO. Techniques Average Path time (seconds) 

1 Rule-based for mini. time 6.2847 

2 GA for mini time 2.4296 

To Summarize all the results obtained by applying the two proposed techniques (Rule-based for 

minimum operating time and GA for minimum operating time) used in the paper, the results were collected 

in Table 8, which presents the average running time after running the two algorithms over around 1760 

different trails. 

  
a. Joints angles during the path b. Overall operating time  

Figure 12. GA characteristics during the path for minimum operating time 

Based on the simulation results, we found that the genetic based approach is faster (in execution) than 

the rule-based technique while considering the same parameters. These times were calculated under the 

same operating and implementation conditions, on the same hardware and the same version of the 

program. We can argue this as the rule-based approach is generates its results after discovering all the 

possible solutions in the problem’s searching space which takes more time than the genetic approach. 

6. Conclusion and Future Work 

Various design element, such as robot operating minimization, has been explored in the suggested 

robotic arm trajectory optimization. Because the inverse kinematics problem for a robot with several degrees 

of freedom is a complicated issue, two approaches have been proposed: the rule-based method and the 

genetic algorithm approach. The findings revealed that the genetic-based proposed algorithm can produce 

extremely excellent outcomes, as well as considerable reachability time and reduced wear and strain on the 

equipment owing to motors turning.  

Through this idea, our future work will consider not on the reachability problem but also considering 

the power consumption to move the robotic arm end from a point to another. 

Appendix A 

1. s = (Pcz − d1) 

2. r = ±√Pcx
2 + Pcy

2  

3. γ =  tan−1 (
d4

a3
) 

4. D = Cos(β) =
s2+r2−a2

2−(a3
2+d4

2)

2a2(√a3
2+d4

2)

 

5. β = tan−1 (
±√1−D2

D
) 
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6. F = (Cos[x]Sin[y + z])r13 + (Sin[x]Sin[y + z])r23 − (Cos[y + z])r33 = Cos[b] 
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